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Design of Robust Control Systems for a Hypersonic Aircraft

Christopher I. Marrison¤ and Robert F. Stengel†

Princeton University, Princeton, New Jersey 08544

Robust � ightcontrol systems are synthesized for the longitudinalmotionofa hypersonicaircraft. Aircraft motion
is modeled by nonlinear longitudinal dynamic equations containing 28 uncertain parameters. Each controller is
designed using a genetic algorithm to search a design coef� cient space; Monte Carlo evaluation at each search
point estimates stability and performance robustness. Robustness of a compensator is indicated by the probability
that stability and performance of the closed-loop system will fall within allowable bounds, given likely parameter
variations. A stochastic cost function containing engineering design criteria (in this case, a stability metric plus 38
step-response metrics) is minimized, producing feasible control system coef� cient sets for speci� ed control system
structures. This approach trades the likelihood of satisfying design goals against each other, and it identi� es the
plant parameter uncertainties that are most likely to compromise robustness goals. The approach makes ef� cient
useof computationaltoolsandbroadlyaccepted engineeringknowledgetoproducepractical control system designs.

Nomenclature
a = speed of sound, ft/s
CD = drag coef� cient
CL = lift coef� cient
CM .q/ = moment coef� cient due to pitch rate
CM .®/ = moment coef� cient due to angle of attack
CM .±E/ = moment coef� cient due to elevator de� ection
CT = thrust coef� cient
Nc = reference length, 80 ft
D = drag, lbf
h = altitude, ft
Iyy = moment of inertia, 7 £ 106 slug-ft2

L = lift, lbf
M = Mach number
Myy = moment about pitch axis, lbf-ft
m = mass, 9375 slugs
q = pitch rate, rad/s
RE = radius of the Earth, 20,903,500 ft
r = radial distance from Earth’s center, ft
S = reference area, 3603 ft2

T = thrust, lbf
V = velocity, ft/s
® = angle of attack, rad
¯ = throttle setting
° = � ight-path angle, rad
±E = elevator de� ection, rad
¹ = gravitational constant, 1:39 £ 1016 ft3/s2

½ = density of air, slugs/ft3

Introduction

H YPERSONIC � ight presents a dif� cult challenge for control
design. High velocity causes the aircraft to be very sensitive

to changes in the � ight condition. For example, at an altitude of
110,000 ft and a Mach number of 15 (velocity of 15,060 ft/s), a
1-deg increase in angle of attack produces a normal accelerationof
11.5 ft/s2 , i.e., a load factor of about 1

3
g. For typical con� gurations,

the phugoid mode is lightly damped or unstable, the short-period
mode is unstable, and thrust magnitude is very sensitive to small
changes in angle of attack. The problem is compounded by the
dif� culty of measuring atmospheric properties and of estimating
aerodynamic characteristics. Nevertheless, a hypersonic aircraft’s
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� ight control system must ensure that the aircraft is always stable,
that response to commands from a pilot or autopilot is satisfactory,
and that external disturbancesdo not produce unacceptable aircraft
motions. This paper addresses the design of such control systems,
with particular attention devoted to achieving robustness in the face
of parameter uncertainty.

Stochasticrobustnessanalysisquanti� es the lack of robustnessof
a compensatorG by the probability P that variations in plant param-
eters will cause the closed-loopsystem to have unacceptablebehav-
ior. This simple concept of probability is de� ned mathematically
as the integral of an indicator function over the space of expected
parameter variations:

P D
Z

V
I [H.º/; G] pr.º/ dº (1)

H describesthe plant, i.e., the dynamicmodel of the aircraft;V is the
space of possible plant parameter variations;º is a speci� c point in
V ; and pr.º/ is the probabilitydensity functionof º. I .¢/ is a binary
indicatorfunctionthat equalszero if H.º/ and G form an acceptable
system and equals one if the system is unacceptable.The divisionof
the space into acceptable and unacceptable regions is illustrated in
Fig. 1. The de� nition of unacceptableis at the designer’s discretion;
for example,it canmean instability,violationof a responseenvelope,
or excess control usage. A probabilistic design metric is equally
applicable to systems that are linear or nonlinear, time-varying or
time-invariant,continuousor discrete.

In most applications, Eq. (1) cannot be integrated analytically.
Monte Carlo evaluation(MCE)1 is a practicalalternative,with pr(º)
used to shape the random samplings of values for the uncertain
parameters º. Individual selections for each trial are denoted ºk .
At each ºk , the closed-loop characteristicsof the system are tested
for acceptability. For example, a linear system’s stability indicator
functionis set equal to one if anyof theclosed-loopeigenvalueshave
positive real parts and is set equal to zero otherwise.A performance
indicator function, e.g., step-responseovershoot or settling time, is
set to one if a design limit is exceeded or to zero if it is not. The
trials are repeated for N samples from the space V , the value of N
beingchosen to obtain the requiredaccuracy.A probabilityestimate
is expressed as

OP D 1
N

NX

k D 1

I [H.ºk /; G] (2)

and the estimate approachesthe exact value in the limit as N ! 1.
Performance and stability probability estimates can be combined
not only to portray control system robustness but to design robust
controllers.2¡10

De� ning the best compensator for a particular application is a
subjective process, involving tradeoffs between possibly disparate
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Fig. 1 Division of the space of uncertain parameters.

measures of stability and performance. These tradeoffs can be for-
malized by combining the individual probabilities in a scalar cost
function J with each probabilistic measure assigned a subjective
weighting. If the compensatorG is parameterizedby a vector of de-
sign constantsd, then P and J are functionsof d, and robust control
systems are designed by minimizing the cost function

OJ .d/ D
MX

m D 1

£
wm

OP2
m .d/

¤
(3)

where M is the number of stability and performancemetrics, OPm.d/
is the mth metric, and wm is the weight on the m th metric. Robust
compensators were designed for a linear benchmark control prob-
lem using a line search in Ref. 10 and a genetic algorithm (GA) in
Ref. 11 to estimate the minimum of J .d/. The resulting compen-
sators were highly robust, the probabilities of failure being signi� -
cantly less than those of controllers created by other methods.8 The
line search in Ref. 10 was effective but inef� cient; the GA reduced
search computation by an order of magnitude.11

Stochastic robustness analysis and design provide a direct exten-
sion of classical design methods because stability and performance
indicator functions are based on classical metrics. If frequency-
domain measures were of interest, they could be added easily to the
design cost. Nevertheless, we caution that gain and phase margins
are unreliable indicators of robustness.9 The reason is quite sim-
ple: Realistic parameter variations, such as those considered here,
produce not only gain and phase margin variations but changes in
the shape of the Nyquist plot as well. Maximum singular values are
essentially multivariate gain margins and have limited robustness
interpretationsfor the same reason.7

In this paper, MCE and a GA12¡15 are applied to a complex prob-
lem: � ight control of a hypersonicaircraft cruising at a Mach num-
ber of 15 at an altitude of 110,000 ft. The dynamic model describes
motions in the vertical plane, and it contains important nonlinear
effects. We consider 39 stability and performance robustness met-
rics, signi� cantly more than can be accommodated in other robust
design techniques.The design approach is demonstratedat a single
cruising� ight condition,and it couldbe applied easilyat other � ight
conditions, extending results over the full � ight envelope via gain
scheduling.

Hypersonic Aircraft Model
The longitudinal equations of motion include both an inverse-

square-lawgravitationalmodel and the centripetal acceleration that
results froma curved� ightpath.At Mach 15and 110,000ft, thenon-
rotating-Earth centripetal acceleration is 10.8 ft/s2. The � fth-order
equations for velocity, � ight-path angle, altitude, angle of attack,
and pitch rate are, respectively,

PV D
T cos ® ¡ D

m
¡ ¹ sin °

r 2
(4)

P° D
L C T sin ®

mV
¡

.¹ ¡ V 2r/ cos °

Vr 2
(5)

Ph D V sin ° (6)

P® D q ¡ P° (7)

Pq D Myy=Iyy (8)

The values of lift, drag, thrust, pitching moment, and radius from
the Earth’s center are modeled, respectively, by

L D 1
2
½V 2SCL (9)

D D 1
2 ½V 2 SCD (10)

T D 1
2 ½V 2SCT (11)

Myy D 1
2 ½V 2S Nc[CM .®/ C CM .±E/ C CM .q/] (12)

r D h C RE (13)

The aerodynamiccoef� cients and air data are functions of the state
and control,and interpolationof lookuptablesor spline� ts would be
used in precise simulation. In this example, relatively simple func-
tions were � tted to the data around the nominal cruising condition.
Air-density and speed-of-soundmodels are taken from Ref. 16, and
numericalvalues for the aerodynamiccoef� cients are representative
of the NASA Langley Hypersonic Vehicle Simulation Model.17

For this design exercise, 28 inertial, thrust, and aerodynamic pa-
rameters are assumed to be uncertain, with º denoting an element
of the uncertainty vector º. The parameters are

m D º1mo (14)

Iyy D º2 Io (15)

S D º3So (16)

Nc D º4 Nco (17)

½ D 0:00238exp

³
¡h

º824;000

´
(18)

a D º5

¡
º68:99 £ 10¡9h2 ¡ º79:16 £ 10¡4h C 996

¢
(19)

M D V=a (20)

CL D º9®

³
0:493 C º101:91

M

´
(21)

CD D º110:0082
¡
º12171®2 C º131:15® C 2

¢

£
¡
º140:0012M2 ¡ º150:054M C 1

¢
(22)

k D º1638
£
1 ¡ º17164.® ¡ ®0/2

¤³
1 C º1817

M

´

CT D k.1 C º190:15/¯ if ¯ < 1

D k.1 C º190:15¯/ if ¯ > 1 (23)

CM .®/ D 10¡4º20

£
0:06 ¡ e¡º21 M=3

¤£
¡2º22®

2 C 120º23® ¡ 1
¤

(24)

CM .q/ D . Nc=2V /qº24.¡0:025º25 M C 1:37/

£
¡
¡0:0021º26®2 C 0:0053º27® ¡ 0:23

¢
(25)

CM .±E/ D 0:00051º28.±E ¡ ®/ (26)

Equations (4–26) de� ne the plant model H.º/. In this example,
each º is assumed to follow a normal probability density function,
with a mean of 1 and a standard deviation of 0.1; this de� nes pr.º/.
For illustration, normally well-known quantities such as wing area
and mean aerodynamic chord are treated as unknown. In applica-
tion, realistic uncertainty values should be used; if uncertainties
are suf� ciently small, they could be ignored. Assuming normally
distributedparameter uncertainty assures that the probability of in-
stabilitywill neverbe zero, as the tails of the parameterdistributions
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extend to plus or minus in� nity. Setting each element of º equal to
one gives the nominal system. In MCE, each element of º is pro-
ducedby a separate call to a random-numbergeneratoron each trial.
The method is not restrictedto normal distributions;uncertaintycan
be represented by any appropriate distribution, including bounded
(e.g., uniform), multimodal, or discrete distributions.

The linearizedopen-loop longitudinaldynamic model has eigen-
values of ¡0:895, 0.784, ¡0:00021 § 0:0362 j , and 0.00011 at the
trimmed cruisecondition(M D 15, h D 110;000 ft, ° D 0 deg, and
q D 0 deg/s). The trim (or equilibrium) conditionis calculatedusing
the nonlinear model, as noted. The � rst two eigenvalues represent
a statically unstable short-periodmode; the complex pair of eigen-
values portrays a lightly damped phugoid mode, and the last real
eigenvalueindicatesa mildly unstableheightmode.18 Consequently,
cruising � ight would be subject to attitude and height divergences
that would require stabilizing feedback control.

Nonlinearresponsehistoriesare initiatedat the equilibriumcruise
condition,which is determinedby � nding the angleof attack, thrust,
and elevator settings that provide force and moment balance in the
nonlinear equations of motion for steady, level � ight. Having es-
tablished equilibrium, the command step is applied, and the state
response is propagated using the nonlinear dynamic model. The
state history then is evaluated with robustnessperformancemetrics.

Stability and Performance Metrics
Three broad aspects of � ight control robustness are of concern in

this design study: stability, velocity command response, and height
command response.They are expressed in a combinationof 39 indi-
cator functions. Stability in the neighborhoodof the trim condition
(metric 1) is predicated on the stability of the locally linearized
system at that point, as determinedby the eigenvaluesof the closed-
loop system.19 Nineteen additional metrics (2–20) are based on the
response of the nonlinear model to a commanded step change in
velocity of 100 ft/s. These are de� ned in Table 1. Double metrics
such as IV ;Ts25 and IV ;Ts50 are used to allow the search to differenti-
ate between compensators in the case in which both compensators
constantly violate the more-demanding metric but only occasion-
ally violate the less-demanding metric. The remaining 19 metrics
(21–39) are based on the response to a commanded step change in
height of 2000 ft. The height metrics are the same as the velocity
metrics except that the times are doubled (and in the description,
the subscript V is replaced by h). The cost function chosen to guide
the design is the weighted quadratic sum

OJ .d/ D
39X

m D 1

£
wm

OP2
m .d/

¤
(27)

where the stabilitymetricweight is 10, the basicperformancemetric
weights are 1, and the more-demandingperformancemetric weights
are 0.1.

As with all global search methods for general functions, con-
vergence to the minimum cannot be guaranteed without an in� nite
number of evaluations.However, methods are available to estimate
the value of the global minimum, allowing a designer to decide
when an answer is satisfactory. It has long been known that, if ran-
dom searchesare carried out with a large number of test points, then

Table 1 Stability and performance metrics

Metric De� nition

IV;Ts25 (IV ;Ts50) 10% settling time greater than 25 s (50 s)
IV;R25 (IV ;R50) 90% rise time greater than 25 s (50 s)
IV;Rev Reversal of response in V before peaking
IV;D5 (IV ;D10 ) 10% dwell time more than 5 s (10 s)
IV;OS10 (IV ;OS20 ) Overshoot more than 10% (20%)
IV;1®0:5 (IV;1®1) Maximum change in ® more than 0.5 deg (1 deg)
IV;g1 (IV ;g2) Maximum load factor more than 1 g (2 g)
IV;1h0:25 (IV;1h0:5) Maximum disturbance of h

more than 0.25% (0.5%)
IV;±T 50 (IV ;±T 100 ) Maximum change in thrust more than 50% (100%)
IV;±E5 (IV ;±E10 ) Maximum change in elevator

more than 5 deg (10 deg)

the probability function of the � nal result of the search (J� nal) takes
the form of a Weibull distribution.20 The cumulative probability
function for a Weibull distribution is

Pr.J� nal · x/ D 1 ¡ expf¡[.x ¡ a/=b]cg (28)

for x ¸ a ¸ 0; b > 0, and c > 0; a is the location parameter, b is
the scale parameter, and c is the shape parameter;a is the minimum
possible value of J� nal; in the context of function minimization,
a D J .d¤). If the searchalgorithmis runn times,n resultsof J� nal are
available to form an empirical probability function for J� nal. Values
ofa; b, andc are founditerativelyto give the least-squaresdifference
between the Weibull distribution and the empirical distribution.

In Ref. 21, it is argued that the results of a randomized heuristic
search algorithmhave the same Weibull distributionas the resultsof
a purely randomsearchwith many points.Golden21 uses the Weibull
distribution to estimate J .d¤) for the traveling-salesman problem.
This work is expanded in Ref. 21 to give the con� dence interval

Pr
£
J� nal;n ¡ b · J .d¤/ · J� nal;n

¤
D 1 ¡ e¡n (29)

where J� nal;n is the best result of the n searches. Another procedure
for estimating the value of J .d¤) is developed by Cooke22 with-
out assuming any speci� c form for the probability function. Cooke
considersa sample of n randomvalues,Yi , and the associatedcumu-
lative probability function for the result of each sample, Pr.Y < x ).
The values are ordered such that Yi is less than Yi C 1. The cumu-
lative probability function for the maximum value Yn is de� ned as
Pr.Yn < x ) and is equal to [Pr.Y < x/]n . The expected value of the
maximum of n samples is

E .Yn/ D
Z Ymax

x D Ymin

xprYn
.x/ dx (30)

where prYn .x/ is the probability density function corresponding to
[Pr.Yn < x/]. By partial integration, Cooke obtains the estimator

OYmax D 2Yn ¡
n ¡ 1X

i D 0

(³
1 ¡

i

n

´n

¡
µ

1 ¡
.i C 1/

n

¶n
)

Yn ¡ i (31)

Using the relationship Y D ¡J , this gives an estimator for J .d¤):

OJ .d¤/ D 2Jn ¡
n ¡ 1X

i D 0

(³
1 ¡

i

n

´n

¡
µ

1 ¡ .i C 1/

n

¶n
)

Jn ¡ i (32)

where Ji C 1 is less than Ji . This method is computationally simple
and gives an estimate for the parameter a.

Compensator Structure
The control signal is the sum of three components: the nominal

trim value u0; the increment needed to change the trim point to the
new desiredstate,1u¤; and a dynamiccomponentto ensurestability
and shape the response, 1ud .

The components 1u¤ and 1ud are developed by expressing
Eqs. (4–8) in compact form and considering the � rst-order Taylor
expansion about the trim point x0:

Px D f .x; u/ (33)

x D [V ° h ® q]T (34)

u D [¯ ±E]T (35)

x D xo C 1x (36)

u D uo C 1u D uo C 1u¤ C 1ud (37)

Px ¼ f.xo; uo/ C F1x C G1u D F1x C G1u (38)

The Jacobian matrices F D @ f =@x and G D @ f =@u are evaluated
at the trim condition.
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If 1y¤ is the command vector and disturbances are neglected,
then the equilibrium state 1x¤ and control 1u¤ are obtained from

µ
1x¤

1u¤

¶
D

µ
F G

Hx Hu

¶¡1 µ
0

1y¤

¶
(39)

where 1y¤ D Hx1x¤ C Hu1u¤. For this example,thedynamiccon-
trol laws are continuous-time,linear quadratic (LQ) regulators that
provideproportional-integral(PI) compensation.2 Integral compen-
sation removes any steady-state error caused by the actual system
differing from the model used in Eq. (39). However, transient re-
sponse to command inputs can be improved by feedforward com-
pensation, generating a need for both 1x¤ and 1u¤. Furthermore,
for nonlinear systems, it is important to keep control errors small,
and providing reference values of the state and control is essential.
This has been demonstratedwidely by analyses, designs, and � ight
tests (also see Sec. 6.2 of Ref. 2).

For the hypersonic aircraft, the commanded states are velocity
and height; therefore, the state vector is augmented as

1xPI D [1V 1° 1h 1® 1q ³V ³h]T (40)

³V D
Z

.1V ¡ 1V ¤/ dt (41)

³h D
Z

.1h ¡ 1h¤/ dt (42)

giving the LQ control law

1ud D ¡CPI1xPI (43)

where CPI is the gain matrix. CPI depends on the weights used in the
integrand of the LQ cost function,

L D 1xT
PIQ1xPI C kgV 2

0 1xT
PIF

T
P° F P° 1xPI C 1uT

d R1ud (44)

Q and R weight state and control deviations; for simplicity, they
are de� ned as diagonal matrices. The term kg V 2

0 1xT
PIF

T
P° F P° 1xPI

directlyweightsnormal acceleration,which is closelyapproximated
by V0 P° . De� ning F P° as the row of F that corresponds to P° , the
normal acceleration is equal to V0F P° 1xPI. The term kg is a scalar
cost-functionweight.

Multiplying the control-gainmatrix by a scalar constant kC may
improve robustness, though it distorts LQ optimality.23 The � nal
feedback law is, therefore,

1ud D ¡kC CPI1xPI (45)

Ten design parameterswere searchedby the GA: kg , kC , diagonal
elements of R, and six diagonal elements of Q (velocity weighting
QV was � xed):

d D [Q° Qh Q® Qq Q³ V Q³ h kg R¯ R±E kC ] (46)

The GA choosesQ and R weightings in the application,so the de-
signer is absolved of this onerous task. As seen in the Stability and
Performance Metrics section, it is easy to choose the 39 weights
for engineering design metrics contained in the probabilistic cost
function [Eq. (3)]. Extremely importantmetrics such as stabilityget
high weights, e.g., 10; important metrics get intermediate weights,
e.g., 1; and less important metrics get low weights, e.g., 0.1. In the
example, Q and R are diagonal matrices, so the search is restricted
to the diagonal elements. Off-diagonal elements of Q and R and
state-controlcoupling could be accommodated either by expanding
the search or by using the implicit-model-followingstructure men-
tioned at the end of this section.Positive de� nitenessof the matrices
is ensured by the designer in specifying the search range of d, i.e.,
the search is not allowed to range over non-positive-de�nite values.
Note, however, that if a bad choice of Q and R is made, the GA
throws out that particular case on proceeding to the next genera-
tion. The most-� t compensatorchosen by the GA has, by de� nition,
satisfactory values of Q and R.

Initialvaluesfor d were chosenby selectingdesired levelsof devi-
ation for 1x and 1u and setting the correspondingweights in Q and

R to be the squares of the inverses of the desired level.24 For exam-
ple, the expectedvariation in h is 2000 ft, and Qh was set as . 1

2000 /2.
The system responsewas propagatedwith these initial weights. The
weights then were adjusted to produce a nominal response that vi-
olated only a few of the metrics. These parameter values provided
the base point for the search, and a §1-decade initial search range
was set around each parameter.

The LQ–PI controller structure is used here to demonstrate
the application of probabilistic robust control methods, and other
control structures can be considered. Stochastic design based on
proportional-integral-� lter compensation has been applied to the
hypersonic cruise problem,25 and implicit-model-following � ight
controllers have been analyzed probabilistically.3;4 A probabilistic
searchfor thecoef� cientsof single-input/single-outputcompensator
transfer functions is described in Ref. 26.

Results
Stochastic robustness analysis was used to illustrate open- and

closed-looprobustnessat thenominal� ightcondition(M D 15,h D
110,000ft,° D 0 deg,andq D 0 deg/s). Given the systemparameter
uncertainties described in Eqs. (14–25), there is a probability of
0.816 that the open-loop system will be unstable. The probabilities
of violating the other metrics range between 0.816 and 1.

The base compensator yields a relatively low probability of
closed-loop instability (0.014) and low probabilities of violating
the performance metrics. Signi� cant exceptions are the probabili-
ties of settling-time violation: In response to a velocity command,
PV ;Ts25 D 0:966; in response to a height command, Ph;Ts50 D 1.

Starting from the base compensator,the GA soughtcompensators
optimized with respect to Eq. (27). Because stability robustness is
important, the weighting is greatest on Pi (weight is equal to 10).
Weights of 1 were chosen for the metrics that indicate particularly
poor performance, e.g., settling time greater than 50 s; weights of
0.1 were chosen for metrics that indicate moderate performance,
e.g., settling time greater than 25 s.

The optimization begins with an initial random search. After the
random search, the GA re� nes the population over several genera-
tions until a stopping condition is met. For this example, the search
was stopped when more than 20,000 MCEs had been used. The al-
gorithm was run eight times to estimate the global minimum, e.g.,
Eq. (32). The � nal values of OJ for each of the eight runs were 2.09,
1.86, 2.16, 2.71, 1.99, 1.83, 1.72, and 1.74; hence, the seventh run
gave the best result.

The globalminimum estimatecan be made in two ways:by � tting
a Weibull distribution to the results [Eq. (28)] or by using Cooke’s
estimate [Eq. (32)]. Here, both methods are used together. On the
basis of the eight � nal values of OJ , Eq. (32) estimates the value of
the globalminimum to be 1.703.To corroboratethis result, it is used
as the parameter a in the Weibull distribution [Eq. (28)]. The eight
observed results are used to estimate the cumulative probability
function of the results of the GA, and values for b and c are chosen
to � t Eq. (27) to the observed results, giving a D 1:703, b D 0:28,
and c D 0:8. The results of the eight runs and the � tted Weibull
functionare shown in Fig. 2. We conclude that the estimate of 1.703

Fig. 2 Comparison of empirical results with assumed Weibull distri-
bution.
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for the global minimum is a viable value for a. If we assume that
the estimate for b is accurate, then Eq. (29) gives

Pr[1:72 ¡ 0:28 · J .d¤/ · 1:72] D 1 ¡ e¡8 D 0:9997 (47)

We therefore have an estimate that the global minimum is 1.703,
and we are 99.97% certain that the global minimum has a value
between 1.44 and 1.72. Furthermore, if we accept the estimate that,
given this compensator structure, the best achievable value of J is
1.703, then the compensator produced by the seventh run, with a
value of 1.72, has a cost within 1% of the global minimum.

The method of analysis and design is computationally intensive,
although the computationalburden is well within the capabilitiesof
existing computers. Using MATLAB® running on a Silicon Graph-
ics Indy workstation, the computation time required to design a
compensator for this paper was about 24 h. Translated to C or For-
tran for a state-of-the-art parallel computer, run times would be
measured in minutes or seconds.

The generic robust control problem is computationallycomplex:
Run times for exact solutions are exponentialin the number of vari-
ables, and the number of variables is in� nite for even a single, con-
tinuously distributed uncertain parameter. Consequently, all robust
designmethodsmust be approximateto somedegree.The stochastic
approachpresentedhere uses Monte Carlo simulationfor evaluation
and numerical search for design. MCE of eigenvaluesand response
histories is accomplished with run times that are polynomial in the
number of state and control elements and linear in the simulated
response time and number of uncertain parameters. GA run times
are linear in the number of design constants to be found by search.

There are a number of ways to extend the � ight control system
design across the entire � ight envelope.For the LQ design approach
usedhere, themost likelyway is tousegainscheduling.Forexample,
the second author and his colleagues developed and � ight-tested
gain-scheduled, digital, linear-quadratic-Gaussian controllers for a
tandem-rotor helicopter in the mid-1970s, demonstrating excellent
real-time performance across the tested � ight envelope (including
hover and rearward � ight as well as climbs, turns, and level cruising
� ight).27;28

Analysis of the Optimized Compensator
The robustness pro� les for the base compensator and the opti-

mized compensator are compared graphically in Fig. 3. The prob-
ability of instability drops from 0.014 to 0.001. The probabilities
of settling-time violation improve by factors of 4.5 (PV;Ts50 ) and
1.02 (Ph;Ts100), although Ph;Ts50 remains equal to one. All of the
other metrics improve except three: the probability of using more
than 50% throttle after the velocity command step (PV ;±T 50 ) and
the probability of load factors greater than 2 or 4 after the height
command step (Ph;g2; Ph;g4 ).

The 0.1% probabilityof instabilitywould be, of course, worrying
for an aircraft system. The probabilitycould be reduced by increas-
ing the weight on Pi in Eq. (27), allowing cross-productweighting
in the LQ cost function, or considering alternate control structures.
However, the Pi will never be zero if the parameters have nor-
mal distributions.This is a property of the underlying problem and
the associated pr.º), not a property of the compensator. To illus-
trate this, the compensatorwas reanalyzedwith bounded parameter
distributions: normal distributionsbounded at §0:2. (The standard

Fig. 3 Comparison of the robustness pro� les of the base and optimized compensators.

deviation in the earlier analysis was 0.1.) In this case, the estimated
probability of instability is precisely zero. This also reinforces the
importanceof understandingthe likely forms of parameter variation
in each application.

With the nominal parameters, the closed-loop eigenvaluesof the
base compensator are located at ¡1:1956 § 0:9184i , ¡0:0210
§ 0:0213i , ¡0:0415,¡0:0064,and¡0:0004.For the optimizedsys-
tem, theeigenvaluesare at ¡1:0025§ 1:3383i , ¡0:0219§ 0:0186i ,
¡0:0408,¡0:0088, and ¡0:0044. The most signi� cant differenceis
an 11-fold increase in the speed of the integral mode: its eigenvalue
moves from ¡0:0004 to ¡0:0044.

The effects of plant parameter uncertainties on the closed-loop
system are shown graphicallyusing stochastic root loci, as in Figs. 4
and 5. This graphical tool gives designers qualitative information
on how parameter variations may change the system response. The
optimizedcompensatorroots (Fig. 5) have less scatter than the base-
line compensator roots (Fig. 4) and are more solidly located in the
left-half plane. Further insights can be gained by using graphs of
the conditional probabilities of metric violation.8;25 Graphs can be
recordedfor each robustnessmetric and for each parameter.Figure 6

Fig. 4 Stochastic root locus of baseline compensator.

Fig. 5 Stochastic root locus of optimized compensator.
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Fig. 6 Conditional probability of violating the settling-time metric as
air density estimate (parameter º8 ) changes.

Fig. 7 Velocity response to a 100-ft/s step-velocity command.

Fig. 8 Altitude response to a 100-ft/s step-velocity command.

shows the effect of parameter º8 , the uncertainty in the air density
estimate, on the probability of the settling time being greater than
50 s in responseto a velocitycommand (IV;Ts50). If º8 varies from the
nominalvalueby less than §0:1, then themetric will almostneverbe
violated; however, the metric will always be violated if º8 varies by
¡0:2, illustrating the importance of good knowledge of air density.

The robustness pro� les can be adjusted by changing the control
structure or by changing the weights in the robustness cost function
[Eq. (27)]. In Ref. 25, proportional-integral-� lter compensationalso
is implemented; it removes the peaks in throttle and elevator usage
but results in a slightlyhigherprobabilityof instability.Velocity and
altituderesponsesto a 100-ft/s step-velocitycommandarecompared
in Figs. 7 and 8. Changingtheweights in Eq. (27) allows thedesigner
to make direct tradeoffs between elements of the robustness pro� le
and to tailor the design to the application.25

Conclusions
Stochastic robustness is shown to provide an effective basis for

� ight control system design and analysis. The method is demon-
strated on a problem that possesses signi� cant nonlinearity, 28 un-
certain parameters, and 39 stability and performance speci� cations.
Ten control design parameters are found using a genetic algorithm,
and an estimate of optimality is obtained by � tting multiple results
to a Weibull distribution. Most synthesis methods would � nd such
a task daunting; however, stochastic robustness synthesis provides

a straightforward framework and allows a range of robust compen-
sators to bedesigned.The geneticalgorithmproducedcompensators
that approach the best performance achievable for the given control
structure.
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